ECE 490: Introduction to Optimization Fall 2018
Solutions for Homework 5

1.
(a) We start by writing out the Lagrangian

L= +a5+a5+a5+ a2+ Aoy + 2+ 23+ 24 + 75 — 5)

Based on VL = 0, we have

201+ A =0
200+ A =0
203+ A =0
204+ A =0
205+ A =0

In addition, we have
ValL=0—>z1+20+a3+24+25=5
We can solve the above equations and the only solution we get is
ri=ay=as=x,=xr =1 \"'=-2
Notice V. L(x*,A*) = 2] > 0 where [ is the 5 x 5 identity matrix. Therefore, the above
solution is the only local min for the problem.

(b) We can directly write out the Lagrangian as

1 1
L(l‘,y, )‘) = _||$||2 + —(y - b)2 + )\(CLTZZ' — y)
2 2

If we fix A, the minimization of L with respect to z and y is just a positive definite
quadratic minimization problem. Hence we can directly set the derivatives of L to be zero
and solve the global min. We fix A\ and minimize L with respect to x and y as

V.L=0—2=—-)\a
VyL=0—=y=0+ A

Therefore, the dual function is

1 1
D(\) = §|]aH2)\2 + 5)\2 + AM=b—X—a"a))

1
= —5(1+ lal*)X* - bA
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2.
(a) ADMM updates 541 as follows:

Tp1 = argmin L,(z, yg, Ak)

— argmin { ] (2 — ) + £l - el
x:Az=b 2

— argmin { £z — i + A/ o]}
x:Ar=b 2

Therefore, we have

Ak

Tr41 = Projy (yk - ?)

where X is the set {z : Az = b}. Similarly, we can show

A
Yr+1 = S1/p (l’kﬂ + f)
Akt = A+ p(Tht1 — Yer1)
where Sy, is the shrinkage operator that shrinks every value between —1/p and 1/p to 0.

(b) By definition, ADMM iterates as

i . i i i P i
T = argmin { fi(a") + ()@ = ) + S lla’ — w1}

xt

Yrar = arg min {Z (—00Ty+ L)’ - sz)}
Y

i=1
)‘;c+1 =\ + p(xiﬁ—l — Yk+1)
Since fi(z') = 3(al2" — b;)?, we eventually have
i1 = (aa] + pI) " (aib; + pyp — Ay
IR i
Yer1 =~ Z(%H + AL/p)
i=1

)‘ZH = >\§€ + P(%H — Ykt1)
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