ECE 490: Introduction to Optimization Fall 2018
Solutions for Homework 6

1. We write the Lagrangian and study the KKT conditions:

Lz, p) = (x — a)* + (y = b)* + 2y + pa (—x) + pa(@ — 1) + ps(—y) + paly — 1)
Vaol(z,y,p) =2(x —a) +y — p + po
VyL(2,y, 1) = 2(y — b) + & — p3 +

In addition, the Hessian of L with respect to x and y is E ;} > 0.

4 2b 4b 2
Case 1: p1 =po =puz3 =y =0 > x = ?a —3Y=3 - ?a o A local min if both values are in [0, 1]

Case 2: 1 #0 = p1 =b—2a,x =0,y =b : A local min if 0 < b <1 and b > 2a

Case 3: ug#O%,uQ:%L—b—g,x:l,y:b—% o A local min if 0.5 <b < 1.5 and2a—b—;>0
Case 4: 3 #0 — puz=a —2b,x =a,y =0 : A local min if 0 < a <1 anda > 2b

Case 5: u47£0—>,u4:2b—a—g,x:a—%,y:1 o A local min if 0.5 < a < 1.5 and 4b — 2a > 3

Case 6: py,pu3 #0 — puy = —2a,u3 = —2b,x =0,y =0 : A local min if a,b < 0

Case T: py,pta 70— g =1—2a,us =2(b— 1),z =0,y =1 : A local min if a < 0.5 and b > 1
Case 8: pg, 3 0 = pe =2(a—1),u3 =1—=2b,x =1,y =0 : A local min if a > 1 and b < 0.5
Case 9: po,pig #0 — o =2a — 3,y =2b—3, 2 =1,y=1: A local min if a,b > 1.5

2. We write the Lagrangian and apply KK'T conditions:
a) L(z,p) =222 + 1+ p(z — 1)(z — 5).

V.L(z,p) =4z + 2ux — 6

Case 1 : p=0— x = 0(Not satisfying the constraint)

Case 2: p#0and z = 1(u=1,V2, L =4+ 2u =6 > 0) This is a minimum for u = 1
Case 3 : up# 0 and z =5 Not a minimum, = —5 < 0

Hence the optimal point is = 1 and the solution for this primal problem is 222 + 1 = 3.
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b) Given p > 0, L is a strongly-convex quadratic function and we can directly minimize
it as follows.
L(w, 1) = 22% + 1+ p(z — 1)(x — 5)
3p
Vel(z,p) =0 —=2=——
(2, 1) 51

So the dual problem is

Tﬁé{{@liﬂjv MR ((2% - 1) <<23+uu> ) 5)}

We can simplify the dual function under the condition > 0 and the dual problem becomes
36
e {—4“ oo m}
To solve the dual problem, we just notice —4p + 19 — 35 = —d(u +2) — 35 +27 <

—24 + 27 = 3. Here we apply the fact a + b > 2v/ab for any positive a and b. The equality
holds when 4(pu +2) = %. Since ;1 > 0, we have p = 1 in this case. Now it is obvious that
strong duality holds for this problem.

L(x, p) = 2" Qz + p" (Az — b)
VoL =2Qx+AT =0
>0

1
T = —iQflAT/«L

Therefore, the dual problem is

TA —IAT A —1AT
{%MT(—%—Q}

max
pu=>0

which can be further simplified as

max {—%,uTAQ_IAT,u — bTu}

n=>0

A"P+PA PB
L(P,Y) = trace (Y { BTp 0 ] - YX)

T
= —trace(Y X) + trace (Y [A P+ PA PB})

BTP 0
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Yll Yv12

Now denote Y = {YIE Yoy

] > 0. We have

; v ATP+ PA PB
race BTp 0

D = trace((Y;1 AT + AY), + BY), + Y1, BT P)

Therefore, the dual function can be computed as

D(Y)=min L(P,Y) = trace(YX) if Y1 A ' + AYy, + BYV + Yi,B 0
r —0 Otherwise
Therefore, the dual problem for the given SDP is

maximize — trace(Y X)

subject to Y11 AT + AYy; + BY L + Y, BT =0
Y >0
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