SOLUTIONS HW 2

Problem 1

. Let us consider f(z) = —2? and a = —1, then S = (—00, —1] U [1, +00). The S is not convex, because
although —1, 1 € §, we have (-1 +1)/2=0¢ S.

. By triangle inequality, we have ||tz + (1 — t)y||, < |[tz|, + [|(1 — t)yll, = tl|lz]l, + (1 —t)||y|/p,. Hence
the ¢, norm ||-||, is a convex function, and its sublevel set is convex.

. We observe that f can be rewritten as f(z) = %xTQx + pTz 4+ r with Q being given as

4 0 2
Q=10 4 3
2 3 1
Therefore, we can directly get
4 0 2
Vif=10 4 3|, Vz
2 3 1

4 0
0 4
-4 0
0 —4
NSD. Therefore, V2f is indefinite. We can conclude that f is neither convex nor concave.

Since det([4]) = 4 > 0, det ( ) =16 > 0 and det(V2f) = —36 < 0, we know V?f is not PSD.

Since det(—[4]) = —4 < 0, det ( > =16 > 0 and det(—V?2f) = 36 > 0, we know V2f is not

. Yes. The function f(z) = zlog(z), x > 0 is convex since f”(z) = + > 0. We also prove that the

function g(z,y) = zlog(z) + ylog(y) is convex. Indeed, let us fix z1, 2, y1, y2 € RT and a € [0,1],
then

glaxy + (1 = a)wz,ay; + (1 — a)yz) = flaxy + (1 —a)xe) + flayr + (1 — a)yz)
<af(z1) + (1 —a)f(z2) +af(y1) + (1 —a)f(y2) (1)
= ag(z1,y1) + (1 — a)g(z2, y2)

As a result the set S = {(z1,x2) : 21, x2 > 0, g(x1,22) < 4} is convex.

. Let usfix 21, 2 € R™ and a € [0, 1]. By concavity of g it holds g(az1+(1—a)z2) > ag(x1)+(1—a)g(z2).
In order to prove that f o g is concave, we proceed as follows

flglazs + (1 — a)za)) > flag(x1) + (1 —a)g(xz2)), by concavity of g, & the fact f is increasing @)
> af(g(e1)) + (1 — @)f(g(x2)), by concavity of £

Hence, f o g is concave.

Problem 2

. The function f does not have maximum over R? because f(z1,0,0) = 222 — 227 + 5 is not bounded.
The function f has a unique minimum. Indeed,

Vi =[4x) — 2,429 + 223 — 2,223 + 229 — 2|7 (3)



and Vf(z) =0 = (z1,22,23) = (0.5,0,1). Since,

4.0 0 4.0 0 000
Vif=(0 4 2|=(0 2 o) +|0 2 2 (4)
0 2 2 00 0 0 2 2

is PD, we conclude the result.

2. Since @ is PD we have V f(x) = Q. We consider g(ax) = f(zr — ar Q ) and we minimize g

1 1
glar) = f((I —ar Q) xx) = gl‘fok- — (x} Q%xx)ay, + 5(30{@3%)@% (5)
zFQ%z
Hence g(ay) is minimized when aj = ﬁQsz:
k
3. Let us consider matrix A whose " row is a; and the column vector b = (b1, .., bn)T7 then
1
flx) = E(Ax —b)T(Az —b) + %J‘TI.I
(6)
1
= ﬁ(a:TATAx + 070 — b7 Az — 2T ATD) + ga:TIa:
We have . ) )
Vf= E(QATAx —2ATh) + Az = <nATA + )\I> T — EATb (7)

and Vf =0 = z* = (ATA+ %)\1)71 ATb. Also, V2f = 2ATA + M is PD because 27V?z =
2(Ax)T(Az) + AzTz > 0 for all z # 0. Hence, the optimal solution z* is unique. It is worth
mentioning that ATA =>""  aal and ATb =", al'b;.

7

3 Problem 3

We must find the minimum m such that

flan + B"ady) < f(zk) + 0™V fdy, (8)
where Vf = [4z1,873]T, and since we apply steepest decent we choose dy = —V f. Hence, by substitution
we obtain

f(1—0.5™4,0) =2(1 — 0.5™4)? <2 —0.80.5™ (9)

and the minimum m that satisfies the inequality is m = 2, which implies that a;, = &8™ = 1-0.5? = 0.25.

4 Problem 4

We have I
Fax) = f(@ren) 2 (V)" a DV f(ag) = S la DV fay);
. (10)
>« (/\mzn - 2a)‘$na7;) va(xk)”Q
We know Apin — %a)\fmu > 0. We observe that
L n
@ (Ain = F¥ae ) L IVF@0I? < Flo0) = F(onin) < Flo0)  fin (1)
k=0
As a result for all n € N
IV f ()] < (12)
kZ:O Q (Amzn - %a)\%mz)

which implies that as n — oo the series converges and as a result lim Vf(z,) =0.
n—oo



