ECE586BH: Interplay between Control and Machine Learning Fall 2023
Solutions for Homework 1
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1. The matrix { o 9 mal -9 ] is negative semidefinite if and only if
1—p*=2mLA <0
o =20 <0
(1 —p* =2mLA)(a® = 2)\) — (—a+ (m+ L)A)* >0

Therefore we have ||z, — z*|| < p¥llzg — 2*|| if we can find 0 < p < 1 and A > 0 satisfying
the above inequalities.

There are two cases. In the first case, we assume o? — 2\ = 0. Then we must have
—a+(m+L)A =0and XA = ja*. Hence we have —2a+ (m+ L)a”. This gives o = -2+ and
A= ﬁ The smallest p satisfying 1 —p? —2mL\ < 0 is given by p = v/1 — 2mL\ = %,
which satisfies the formula in the problem statement.

Now we discuss the second case and assume a® — 2\ # 0. Then the above inequalities

are equivalent to

(Am + L) — o)
a? — 2\

p221—2mL)\—

052

A> —
>2

Now set A = %oﬂ with some ¢ > 0. Clearly A > %2 Substituting A = %oﬂ to the first

i ity p? — _ (A(m+L)—a)? S :
inequality p* > 1 — 2mLA\ —7y— leads to the following inequality

(14 t)a(m+ L) —2)?

P> >1—mL(l+t)a*+

4t
t L L) —2)?
:1—mLo¢2—mLa2t—|—(a(m+ )+Z;(m+ ) )
1 —mLo? — mLo?t + a?(m+ L)*? 4+ 2(a(m + L) —42t)(m + L)at + (a(m + L) — 2)?
2 2 LQ L — 2 2t L _22
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We want to choose the smallest p and associated A that satisfy the above inequality. As

we can choose positive ¢ satisfying (L*"Z)Qa% = (a(me)*Q)Q and p satisfying

long as a # mLJrL,

2

p :1+M—(m—l—L)a—{—l((L—m)a)\/(a(m~l—L)—2)2

2 2
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When o < —2—. we have
m+L~’

a*(m? + L? 1
P’ = 1—1—%—(m+L)a+§(L—m)a(2—a(m+L))
=1-2ma + m?a®
= (1 —ma)?
Similarly, we have p> = (1 — La)? when o > —2-. This is equivalent to p = max{|1 —

mal, |1 — Lal|} for a # WLJFL

Combining the results for the above two cases leads to the desired conclusion.

(Some extra explanation: Also notice that p? is required to be greater than 0 and smaller
than 1, hence the formulas for p? only work for @ < 2. Otherwise (1 — La)> > 1 when

La > 2. This explains why we require a < % in the problem statement.)

2

(a) Substituting vy = (1 + fB)ay — frk—1 and x5 = (1 + oy — Brg—1 — aV f(vg), we
have

Vi (or)" (2 — vx) + %kaz — vkl + Vf () (0 — 2p1) — g”vk — T ||
2 2
=V (00) (s — 76) + "2 st — wall + al VA @I — Lo 9 f ()l
x, — ¥ T B*m —B*m -0 x, — ¥
= |Tp1 — 2" 3 —3*m  Pm B @1 | [wp-1 —
V f(vr) —p 5 (2 — La) Vf(vk)

Therefore, we have
L[ Bm —pm B
X1:§ —B’m  BPm 15} ® 1.
8 B a@2-La)

(b) Substituting vy, = (1 + 8)zg — frr—1 and xpy = (1 + B)ag — Brg—1 — aV f(vg), we
have

m L
Vf(ve) (z* — o) + 3”95* — o|]? + V(o) T (v — Tpg1) — §||Uk — gy |?

= — V() (1 + B)(wx — %) = Blar— — 27)) + %H(l + B (n — x*) — Blag_y — 27|
La?

+alvF@I? - X v sl
vo—a 11 [ A48 m =B+ Bm —(1+5) o —2°
= [Tp1 — 2" = | =B+ B8)m B*m B QI [vp—1 —2"
V f(vg) —(1+75) o4 a(2 — La) V f(vg)
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Therefore, we have

L] @+p?m =B+ Bm —(1+p)
Xy = 5 —B(1+ B)m B*m B ® 1.
—(1+p) I6] a2 — La)

(c) Now it is straightforward to verify that the following holds

-1 1 0
ATPA - p?P A'PB _X:\/E(\/Z—\/ﬁf' L 1 oler<o
BTPA B'PB 2(L + vIm) 0 0 0 =

This above fact can be verified using Matlab symbolic toolbox.

3
(a) The policy gradient theorem states the following result:

VC(9) =E (iytc(xt,ut))(ivglogw(ukya:k))] with large N
=0 k=0
Or
0) = Ei vt(iv’“‘%(%w))ve log We(ut|1‘t)]
=0 pa
Or

VC(9) =E th‘lftve log mo(ue|21)]
t=0
where W, can be chosen as Monte Carlo estimation Y 5., v ~*cy or Baseline variant Y5, (v ~fcy—
b(x;)) or other variants.

It is OK to provide any one of the above answers.

(b) We have

C(K +o¢) —
o

: C(K
EaNN(O,I) (ili% ( )) €= EgNN0[)<€ VC(K))&T

—ng_/\[(][)g( V(K))
- IE6~/\/'(O,I)<88 )V(K)
— VC(K)
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4

(a) Under the state feedback policy u(t) = Kx(t), the closed-loop system becomes @(t) =
(A+ BK)x(t). Therefore, we have:

x(t) = eAHBEI(0),

Substituting u(t) = Kz(t) into the cost function gives:

r(H)"(Q + KTRK)x(t)dt

o0

x(Q)T(e(AJrBK)t)T(Q + KTRK)G(A+BK)tSI,’(O)dt

C(K) — Ex(o)ND

= ]E$(0)~D

J
J

= Eu(0)~p 2(0)" [/ (eNHBENT(Q + KTRK)eUWH BRI gt 2(0).
0

Denote P := [~ (e“TBRINT(Q + KTRK)eA PRt Since A+ BK is Hurwitz, Py solves
the following Lyapunov equation:

(A+ BK)"Px + Px(A+ BK)+Q+ K'RK = 0. (1)
Therefore, we have:

C(K) = Ey)np 7(0) T Pr(0) = trace( P ).

(b) Applying chain rule on both sides of (1) gives:

(BdK)"Pg + (A+ BK)"dPx + dPx(A + BK) + Px(BdK) + dK"RK + K" RdK = 0
<= dPx(A+ BK)+ (A+ BK)"dPx + dK"(B"Px + RK) + (Px B+ K'R)dK" = 0.

If we view dPg as the variable, denote Ex := BT Px + RK, the above equation is a Lyapunov
equation which can be solved as

dPg = / (eATBENT(AKT By + ERdK)e AT B0t
0

By definition, we have dC(K) = trace(VC/(K)dK™). On the other hand, we have
dC(K) = trace(dPxX)

= trace (/ (eAHBENT(AKT By + E}dK)e(‘“BK)ttho)
0

= trace </ 2(0)T (e BENT (KT B + E,T(dK)e(AJrBK)tx(O)dt)
0

= trace ((dKTEK + E}dK) / x(O)T(e(A+BK)t)Te(A+BK)tx(0)dt)
0

= trace(2Ex N gdK "),
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where X = [7 z(0)T (A BRNT(A+BK)!5(0)dt. Therefore, we have VC(K) = 2Ex Y.

(c) Since C(K) is L-smooth, we have:
L
C(K1) < C(Kia) +(VO(Ki), Ki = Kioa) + S 1Ky = Ko7
L
< C(Kia) + (VO(Ki), —aVC(Ki ) + SllaVO (K [k
L

< C(Kia) = (@ = 50)[VO(Ki) 7

Since «a € (0, %), we have o — %az > (0. By gradient dominance property, we have:

~[VC(Ki)|F < —20(C(Ki-1) — C(K7)).

Combining the above two inequalities yields:

C(K;) — C(K™) < C(K;-1) — C(K*) — p(2a — La®)(C(Ki-1) — C(K™))
= (1 = 2pa + pLa®)(C(Ki-1) — C(K™)).

Applying the above inequality iteratively gives:
C(K;) = C(K™) < (1 = 2pa + pLa®) (C(Ko) — C(K¥)).
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